Abstract-This paper reports the design of a novel acoustic beam aperture modifier using gradient-index phononic crystals consisting of different solid cylinders embedded in a homogeneous epoxy background. Dispersion curves of the acoustic waves were calculated using a plane-wave expansion (PWE) method and their propagation in the proposed structure was simulated by a finite-element time-domain (FDTD) method. Computational experiments elucidate the effectiveness of the acoustic beam aperture modifier.
I. INTRODUCTION
Phononic crystals (PCs) are engineered periodic structures that can manipulate the propagation of acoustic waves. The most well known phenomenon inherent to PCs is the presence of complete phononic band gaps, within which acoustic waves in any direction cannot propagate [1, 2] . Phononic band gaps have been widely employed to obtain perfect acoustic mirrors [3] and phononic waveguides [4] for bulk acoustic waves, surface acoustic waves, and recently for plate waves. Furthermore, PCs also exhibit negative refraction [5, 6] and self-collimation [7] in frequency ranges close to their phononic band gaps due to the high anisotropy of equal frequency contours (EFCs) caused by the periodicity of the structure. To date, much research in the field of PCs has been in the design of acoustic metamaterials that can focus acoustic waves by negative refraction and have applications in subwavelength acoustic imaging [5, 6, 8] . The versatility of devices that control acoustic wave propagation in a PC structure is further enhanced by introducing the concept of a gradient-index (GRIN) [9, 10] . GRIN PCs can efficiently focus acoustic waves to a sub-wavelength spot using the lowest band of acoustic waves, thus they have the advantage of smaller lattice spacing over their negative refractive-based counterparts [11, 12] . Additionally, the wavelength-scale acoustic mirage effect in GRIN PCs can prove useful in the design of micro/nanoscale acoustic circuits [13] . To further explore the functionalities of GRIN PCs, we designed a GRIN PC-based acoustic beam aperture modifier to efficiently vary an acoustic beam aperture, i.e. increase or decrease the beam aperture with minimum energy loss and wave form distortion. The design concept and the computational verification of the acoustic beam aperture modification are shown in the following sections.
II. DESIGN OF ACOUSTIC BEAM APERTURE MODIFIER
The proposed acoustic beam aperture modifier is composed of two butt-jointed GRIN PCs, as portrayed in Fig. 1 and embedded in epoxy. GRIN PC 1 and GRIN PC 2 have the same lattice spacing, a, but are filled with cylinders of different material and equal radius. The material of cylinders is denoted by different color intensities in Fig. 1 . A complete list of materials used in both the GRIN PCs can be found in Table 1 . A GRIN PC is an acoustic analogue of a GRIN optical medium, wherein continuous bending of propagating light occurs, leading to the well-known optical mirage caused by the refractive-index gradient across the medium. If the refractive-index gradient profile of the medium in the direction perpendicular to the light propagation is parabolic, all normally incident light will converge to a single spot. The focal length of a GRIN lens is determined by the parameters of the parabolic refractive-index gradient profile. Similarly, a GRIN PC with a parabolic refractive index profile can be obtained by gradually modulating the constitutive parameters of the structure: material properties [9] , filling ratio [12, 13] , and lattice spacing [11] . In this paper we show that the effective acoustic velocity in each row of a GRIN PC can be locally modified by altering the cylinder materials.
To explore the dependency on material properties, we calculated the dispersion curves of the PCs consisting of different materials using a plane wave expansion (PWE) method [1] . Fig. 2(a) shows the first band of the dispersion curves for SV-mode bulk acoustic waves propagating in ten different square-latticed solid/Epoxy PCs. The legend in Fig. 2 shows the material of cylinders that construct each PC. The cylinder radius is 0.2a for all the PCs, and the material properties can be found in Ref. 9 . Note that although the cylinder radius and lattice spacing of each PC are identical, the dispersion curve and thus the acoustic velocity varies with the cylinder material properties. The EFCs for the PCs at a reduced frequency of 0.175 are plotted in Fig. 2(b) . We observe that all EFCs at this frequency are nearly perfect circles, indicating that the acoustic velocity is constant in all propagation directions within the PC structure. As a result, we can calculate the effective refractive index of each PC using n eff = c/v eff , where c is the acoustic velocity of the SV-mode wave in Epoxy and v eff is the mean acoustic velocity of the PC. These ten solid materials were carefully chosen to form specific parabolic refractive index profiles across the GRIN PC. The effective refractive index of each row in GRIN PC 1 and GRIN PC 2 are plotted as solid dots in Fig. 3 . The refractive index profile of both GRIN PCs can then be fitted with parabolic curves (solid lines in Fig. 3 ) and thus both structures can guide acoustic wave propagation in the acoustic mirage manner. GRIN PC 2 has a sharper parabolic gradient and thus is expected to have a shorter focal length than GRIN PC 1. To verify the prediction, we used a finite-difference time-domain (FDTD) method [14] to simulate acoustic wave propagation through the two GRIN PCs. As shown in Fig.  4(a) , a full-width, normally incident acoustic beam converges to a focal spot at y=0, x=22a due to the gradient of GRIN PC 1. Beyond the focal spot, the focused beam is reconstructed to a planar wave at x=45a. The overlapped beam trajectories were plotted to help visualizing the wave formation. In Fig.  4(b) , we show the simulated wave propagation in GRIN PC 2. A narrower acoustic beam is excited since the parabolic gradient profile of GRIN PC 2 only covers -5a<y<5a. A shorter focal length, 11a, corresponding to the sharper shaped refractive index profile of GRIN PC 2 is observed in Fig. 4(b) .
Note that both GRIN PCs can converge normal incident beam to a single spot, and vise versa. Hence, to design the acoustic beam aperture modifier we use GRIN PC 1 with a length of 22a to converge the full-width (18a) acoustic beam to the interface of two GRIN PCs, and then use GRIN PC 2 to recover the acoustic energy to planar waves with a narrower beam aperture (9a).
III. RESULTS AND DISCUSSION
As shown in Fig. 1 , a full-width (18a) line source is placed in front of the proposed acoustic beam aperture modifier at x=-5a to excite planar waves. The line source was excited by setting the initial body force in the z-direction (out of plane direction) to generate SV-mode bulk acoustic waves in FDTD simulations. The FDTD-simulated wave propagation in the proposed GRIN PC-based acoustic beam aperture modifier at a normalized frequency of 0.175 is shown in Fig. 5 . It can be seen that the full-width of the acoustic beam was well focused at the interface of GRIN PC 1 and GRIN PC 2 (x=22a) and then transmitted into GRIN PC 2. No reflection is observed at the interface due to the first columns of GRIN PC 2 were positioned exactly at the periodic frame of GRIN PC 1. The acoustic intensity at the focused spot is around 5 dB stronger than that of the incident waves. The focal zone has a -3 dB width (in the y-direction) of less than 3a, which is around half of the wavelength of SV wave in epoxy at this frequency (λ=5.7a). After entering GRIN PC 2, the acoustic beam was gradually expanded and redirected to the direction parallel to x-coordinate at x=33a, which is the sum of focal lengths of GRIN PC 1 and GRIN PC 2. The beam aperture at x=33a is 9a, which is half of the width of the line source. If GRIN PC 2 ends at x=33a, a collimated acoustic beam with an aperture of 9a will be transmitted. Thus the proposed beam aperture modifier achieves a 50% beam aperture conversion.
Beyond the maximum beam aperture position (x=33a), the acoustic beam began to converge and refocus at x=42a with an acoustic intensity drop of less than 1 dB compared to the focal spot at x=22a. This illustrates that the proposed acoustic beam aperture modifier conserves nearly all of the acoustic energy.
In this section, we only show the simulated wave propagation in the proposed device for the design frequency. However, due to the fact that the dispersion curves in Fig. 2(a) are nearly linear in the frequency range between 0.0 and 0.25, the proposed GRIN PC-based aperture modifier is weakly frequency-dispersive and thus can operate over a wide frequency range without considerable degradation.
IV. CONCLUSION
We computationally demonstrate a two-dimensional gradient-index phononic crystal-based acoustic beam aperture modifier that has the ability to change the beam aperture while conserving acoustic energy. The beam aperture modification is obtained by adjusting the constitutive parameters of the gradient-index phononic crystals along the direction parallel to incident waves. The analytical solution and simulation are in good agreement. The device investigated in this work could be useful in applications relating to acoustic imaging and nondestructive evaluation.
